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Abstract--An approximate Riemann solver, in a Lagrangian flame of reference, is presented for 
the compressible flow equations with cylindrical and spherical symmetry, including flow in a duct 
of variable cross section. The scheme is applied to a cylindrically symmetric problem involving the 
interaction of shocks. 
1. INTRODUCTION 
Recently [1], an approximate linearised Riemann solver was presented for the one-dimensional 
equations of gas dynamics with real gases in a Lagrangian frame of reference. The purpose of 
this paper is to generalise this scheme to apply to flows with cylindrical and spherical symmetry, 
including flows in a duct of variable cross-section. Applications in this area include stellar collapse 
(see e.g., [2,3]). We apply this scheme to a shock tube problem with satisfactory results. 
2. EQUATIONS OF FLOW 
2.1. Equations of Motion 
The one-dimensional equations of compressible flow in a duct of cross-section S(r) can be 
written as 
wt -t- Sf ,  n = g ,  (2.1) 
where 
w = (v, u, e) r, (2.2) 
f = ( -u ,p ,  up) T, (2.3a) 
and 
g = (uSm,O, -upS .O r. (2.3b) 
The quantities (V, u, p, e)(m, t) represent the specific volume (with V = I/p, p: density), velocity, 
pressure and total specific energy as functions of a mass coordinate m, and time t. The mass 
coordinate m is related to the space coordinate r and a volume coordinate X through 
dm = p S( r )dx  = p dX, (2.4a) 
together with 
dr = u dr. (2.4b) 
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This includes the case of central symmetry, where S(r) = 1,r or r 2, for slab, cylindrical or 
spherical symmetry, respectively. In addition, we assume that there is a convex equation of state, 
relating p, V and i, of the form 
p = p (V, i ), (2.5) 
where i is specific internal energy and is given by 
1 2 (2.6) e=i+~u . 
2.2. lacobian 
Of 
The Jacobian matrix A = ~w has eigenvalues 
"~1,2,3 = "4-C, 0, (2.7a-c) 
with corresponding eigenvectors 
el,2 = (1, =FC, -PT  Cu) T, (2.8a,b) 
and 
e3= (1, / (2.8c) 
where the Lagrangian sound speed C is given by 
C 2 =ppi -pv ,  (2.9) 
and is related to the sound speed c by 
C=pc.  
(N.B. If instead, p is given in terms of p and i, then Pv can be replaced by _p2 pp.) 
(2.10) 
3. APPROXIMATE RIEMANN SOLVER 
In this section, we state an approximate Riemann solver for the compressible flow equa- 
tions (2.1) and (2.2). 
3.1. Average Eigenvalues, Eigenvectors and Wave-strengths 
As in [1], we consider the solution at any time to consist of a series of piecewise constant states, 
i.e., w = wk, for m E (mk-x/2,mk+l/2). Our aim then, is to solve each of these linearised Rie- 
mann problems approximately. The Riemann solver is constructed by considering two (constant) 
adjacent states wk, wk+l, at coordinates mk and m~+l, where mk= ½ (mk-ll2 + ink+l/2), and 
then determining the corresponding approximate eigenvalues ~1,2,3 and eigenvectors F 1,2,3, such 
that 
3 
(3.1) 
5=1 
and 
3 
Af = ~ Aj &j ~ j, (3.2) 
j=l 
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where 
~l,2,a = 4-C, 0, (3.3a-c) 
rl,2 -- (1, :F (~,-/5 :F C fi)T, (3.4a,b) 
,3 :  (1,0, /5-~-v.) T 
- (3.4c) 
The wave-strengths 51,2,3 are given by 
1 ( _ap  T CAu),  (3.5a,b) 
Ap (3.5c) 6z = AV+ (~2 ' 
2 =/3/3/-/5v. (3.6) 
This is equivalent tofinding an approximate Jacobian A(wk, Wk+l) such that .4 Aw = Af and 
-4(w, w) = A(w). 
The required averages are the same as those found in [1], i.e., 
= ½ (U k at" Uk+l) , (3.7) 
t5 = 1 (Pk + Pk+l), (3.8) 
together with suitable approximations 
/5i = pi(V, i) j 
and 
where 
IAVI IAil if ~. <10 -q and -t < 10 -q, (3.9a) 
- IAv I  @ ] 
/sv = pv(V,  i)  + IAvI + IAil AV 
- IAil @ 
/5~ = p~(f', i) + IAVI + IAil Ai 
otherwise, (3.9b) 
@ = Ap - pv(9 ,~)Av  - p~(f', ,) Ai, 
- ½ (ik -4- ik+l), 
(3.9c) 
(3.10) 
and 
~r_  V~k Vk+l , (3.11) 
where the integer q is machine dependent. 
3.2. Numerical Scheme 
The Riemann solver constructed above can then be incorporated into a numerical scheme for 
advancing an approximation to the solution of (2.1) and (2.2), from time t = n At to time 
t = (n + 1) At, where At is a timestep, as 
At 
(fk+l/2 - fk-1/2) + At ~k. W~ "I'1 -" W~ -- Sk ~m 
The numerical fluxes are given by 
( / f/~+l/2 ---- ½ f(w~) + f(w~+l) -- E I~1 a~ ~ , j=l 
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Figure 1. Approximate solution for the density and velocity at t imes t = 25,45, 
and 60. 
where the ~j, &j and ~j are those given in Section 3.1 for the cell (k,k + 1), and with similar 
results for fk-u2. The source term is approximnted by 
AS AS  "~ T 
gk = Uk ~ ,  O, --uk pk 
Amk ~mk ] 
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where AS = S(r (mk+l/2)) -S(r  (ink-i~2)) = S(rk+l/2)-S(rk-1/2).  The interface between states 
wk and wk+l occurs at m = mk+l/2 in the Lagrangian frame and r = rk+l/2 in the Eulerian 
frame. The quantity Amk = rn~+l/~ -mk-1 /~ is the length of the interval surrounding wk, and 
is related to the space coordinate z through 
Amk = Pk Sk Ark = Pk Sk (rk+l/2 - rk -1 /2 )  • 
The Eulerian frame is advected using 
r k+1/2 = rk+l/2 + t~ At, 
where the superscript denotes the position of the r coordinate corresponding to mk+l/2 (i.e., 
the interface between states wk and wk+l) at time level n + 1. If desired, the solution can be 
remapped onto a fixed Eulerian grid after each time step. A procedure for achieving this can be 
found in [4]. 
As in [1], this scheme can easily be modified to treat expansion waves correctly. 
4. TEST  PROBLEM AND NUMERICAL  RESULTS 
The scheme of Section 3 has been applied to a cylindrical shock tube problem with S(r) = r. 
The initial data for this scheme is 
(0.25, o, 2.5), 
(V,u,e) = (1,0, 2.5), 
(0.25,0,2.5), 
0<r<50,  
50 < r < 150, 
150 < r < 200, 
for an ideal gas with 7 -- 1.4. Initially, a converging shock wave followed by a converging contact 
discontinuity moves towards the axis, r = 0, and a diverging shock wave, followed by a diverging 
contact discontinuity, moves away from the axis. The shocks subsequently interact, resulting in 
a diverging shock wave weakening in strength, together with a converging shock wave increasing 
in strength. Each of these shocks then interact with the corresponding contact discontinuity, and 
this results, for each interaction, in a transmitted shock, a weak reflected shock and a contact 
discontinuity. 
Figure 1 shows the approximate solution obtained using 200 mesh points at t -- 25, 45 and 60. 
We observe the development of the shocks, their interaction with each other, and then the inter- 
action of the shocks with the contact discontinuities resulting in weak reflected shocks. 
5. CONCLUSIONS 
We have extended the one-dimensional Lagrangian Riemann solver given in [1], for compressible 
flows of a real gas, to one incorporating cylindrical and spherical symmetry, and including duct 
flows. The scheme has been applied to a standard shock tube problem. 
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